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1. xntroduction 
In 1984 Shechtman et al. [lo] discovered alloys with a novel kind of structure, 
intermediate between crystalline and amorphous. These alloys, called 
qruzskrystuk [8], exhibit long-range orientational order but no translational 
symmetry. Since fivefold and even icosahedral symmetry is observed, several 
authors conjectured that the so-called “golden rhombohedra” yield a geometric 
explanation, in analogy to the “Penrose pieces” (see [3,9]) in the plane. N.G. de 
Bruijn and others [l, 5,6,7, 1111 developed the “projection method”, using cubic 
lattices in higher dimensions to obtain nonperiodic tilings with golden rhom- 
bohedra. Guided by the idea that the long-range order of the quasicrystals must 
stem from some focal conditions, I have sought families of prototiles which 
become aperiodic when subject to appropriate matching conditions - as do the 
Penrose pieces. I restricted my search to subfamilies 9 of a certain family 
#:={A,B,C ,..., P} of fifteentetrahedra, which are derived from the Platonic 
icosahedron (see below), and succeeded in finding a four-member family S1. To 
my knowledge, the work of Katz [4] is the only attempt to give matching 
conditions for the golden rhombohedra which force aperiodicity. His proof is 
along completely different lines, using algebraic topology in place of 
inflation/deflation. In fact, his family consists of 22 prototiles (14 congruent to 
one and 8 to the other golden rhombohedron); they differ in their decorations 
(matching conditions). 
In this note I first give a semi-axiomatic approach to the subject, and then 
describe a realization. 
ic conditions for a famiiy of prototiies 
Let S be a protoset, i.e. a family of prototiles S,, &, . . . , S,, where each Sp is 
a polyhedron with facets SL, . . . , Sp. On the set of all the facets let - be a given 
0012-365X/89/$3.50 @ 1989, Elsevier Science Publishers B.V. (North-Holland) 
2 L. Danrer 
equivalence relation which is at least as fine as the Euclidean congruence (see 
Section 5). An (9, -)-tiring is deLned as a tiling 9 (of the whole plane, or some 
part of it) by tiles each of which is congruent o some SP, and satisfying the 
matching conditions : 
(A) 9 is face-to-face; only equivalent faces may meet (see Sections 5 and 
6(c)( cu) below). 
In case 9 is finite and the union U of its members i  homeomorphic to a ball, 9 is 
called a patch. If U is the whole space, 9 is called a global tiling. 
Two other basic conditions are (I) and (D): 
(I) There exists a constant r~, with q > 1, and to every prototile SP a fixed 
dissection of SP which forms an (q-‘F, -)-tiling. These tilings generate 
equivalent dissections in equivalent facets (see Section 5). 
If we apply (I) to all the tiles of an (@, -)-tiling 9 we obtain a (q-‘9, -)-tiling 
9 with I/(??!) = U(9), called the inflation of 9 and denoted by infl(9). If 9 is an 
(9, -)-patch, so is ~19; we call $3 an expansion of 9. 
(D) To every global(9, -)-tiling 9 there is exactly one ($F, -)-tiling 9 such 
that infl(9) = 9. - 
9 is called the deflation of 9 and denoted by defl(9). 
Proposition Z, (I) a pl tm ies: The inflation can be iterated. Hence D. K&zig’s lemma 
guarantees the existence of global (9, -)-tilings. 
We shall write in@(P) for the kth iteration of the inflation operation. 
Proposition 2. (I) and (D) imply: The deflation can be iterated. Hence the system 
(9, -) is aperiodic, that is, there exist global (9, -)-tilings, but all are 
nonperiodic. 
3. Additional conditions 
(M) 9 is minimal, that is, no proper subfamily 9’ of 9 satisfies (I), (D) with 
the same relation - and the same inflation or any power of it. 
eorem 1. (I), (D) and (M) imply: There is a natural number J such that for 
every j 2 J, every p and every Y, the prototile S’ occurs in the patch inflj(&). 
Moreover, for every u there is a ~5~~ with 0 < 6,, s 1, such that oP is the density of 
the copies of S, in every global (9, -)-tiling. 
Let e be an inner vertex of a tiling 9. Then 9 generates a tiling of a 
neighborhood of e which may be projecte onto the unit sphere centered at e. 
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The resulting spherical tiling Y’ is called the vertex-figure of 9 at e. We may assign 
to each of its (spherical) tiles the label p of the corresponding tile SP of 9, and in 
addition we may assign marks that show how SP lies in the projection cone (see 
Section 5). In this way we obtain the extended vertex-figure (EVF) of Sp at e. The 
last condition we need is: 
(E) Let A!Z be an EVF which occurs in at least one global (%, +-tiling; then for 
some h and for some ~1, E shall also occur in the interior of the patch 
infl’($S,). In the sequel H denotes the maximal h that is necessary for 
some E. 
Theorem 2. (I), (D), (M) and (E) imply: There exists a constant y such that 
whenever SQ is a patch in a global (S, -)-tiling lying in a ball of radius p, then in 
every global (9, -)-tiling every ball of radius yp contains a patch congruent o J& 
In this theorem p may be arbitrarily large, but y does not depend on p. 
Corokry. There does not exist an algorithm for deciding in finitely many steps 
whether two (9, -)-tilings 9 and 22 are congruent or not. 
More precisely, the non-existence concerns the case in which the tilings are 
“given” just as families of tiles; the situation is quite different in case CP and 2 are 
given, for instanrze, by generating rules. 
4. Realization 
Let X be a fixed regular icosahedron in lE3. We consider the family 3 of all 
tetrahedra T with the property that every plane containing a ifacet of T is parallel 
to one of the 15 plane mirrors of X. Hence every edge of such a T with a dihedral 
angle of 90” is parallel to one of the 15 axes of twofold rotations of X (red edges). 
Similarly, there are 10 directions for edges with dihedral angles of 60” or 120” 
(green), and 6 directions for the remaining (white) edges, at which the dihedral 
angle is a multiple of 36”. It turns out that there are exactly I5 similarity classes of 
such tetrahedra. Each of them possesses at least one edge with a non-primitive 
angle (angles of 36”, 60’ and 90” are primitive). If a non-primitive angle is, for 
example, 120”, one may cut the tetrahedron i  two smaller ones, each with an angle 
of 60”. (In most cases the opposite edge and the volume are divided in the golden 
ratio; otherwise they are cut into halves.) It is not too surprising that the resulting 
tetrahedra gain belong to 3. Hence we may represent he 15 classes by a 
subfamily 9 := {A, B, C, . . . , P} of $ with the following property. Every white 
edge has a length of type az”, where r:= (1 + v5)/2= 1.618034. . . and 
a.- ‘- (V@iT5))/4 = 0.951057. . . ; then every green edge has a length of type 
bz”, with b := fi/2 (here n E 2). The red edges have ‘lengths apower of r, with 
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one exception: there is one tetrahedron, which we call K, with three red edges, 
each half as long. 
Next we consider the subfamily 3. := {A, B, C, K} of J? (or, more precisely, of 
an appropriate 9, Gnce 3 was not uniquely defined), given by the following table. 
For each pair of vertices we specify the dihedral angle and t% length of the 
corresponding edge. 
Tetra- 
hedron l-2 2-3 3-l 
Edge 
2-4 l-4 3-4 
A 
B 
c 
K 
36”, a 6W, tb 72”, ta 108”, a 90”, 1 60”, b 
26”, a 34’, z-a 60”, -cb 120=, b lOSo, t-la 90°, 1 
36”, t-la 60°, gb 90°, t 120”, b 72”, a 36”, a 
36”. a 60”, b 72”, t-la w, t/2 9Q”, l/2 60=, t-‘/2 
We also define -1 as follows: If A and A’ are two congruent facets without any 
red edge, then A’ -1 A shall mean the same as A’ = A (compare Section 5). 
Otherwise -l stands for the identity. In other words, if A is a facet of a 
tetrahedron T with at least one red edge, then on the other side of A has to be 
the mirror image of T. There are nine such “red” triangles. The other seven 
facets fall into three classes under -I) the second being similar to the first (with 
ratio t). At such a facet two different tetrahedra may match. 
Main theorem. (a) With q := z the system (S1, ml) satS%s (I), (II). (M), (E). It 
has H=6, and wemay choose .I=3 and y=40. 
$) Because of the red edges, every ( SI, -J-tiling can be split into octahedra 
(A), (B), (C), (K), where (K) consists of eight copies of K, while the others 
consist of four congruent etrahedra. 
(c) The vertices of the prototiles fall into four classes uch that at every vertex of 
an (&, +-tiling only vertices of the same class can meet (so they might represent 
atoms of four different elements). 
(d) There are exactly three global (SI, -&tilings with all (global) symmetries of 
the full icosahedral group. By inflation and subsequent expansion they are 
permuted cyclically. Besides these three there are many such tilings with fivefold 
and also many with threefold rotational (mostly even dihedral) symmetry. 
(e) There are exactly 27 extended vertex-figures, which can occur in a 
(% -&tiling; in global tilings there are only 22. Except for the one that belongs 
to the center of ( K), every EVF after at most six in.ations is turned into one of the 
three with full icosahedral group (see (d)). 
The dissections that define the inflation of the system (sl, ml) can all be 
described by repeated cuts of the type explained above (splitting a tetrahedron 
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into two). They give rise to the following inflation-matrix k 
ABCD 
PA 0010 
‘L. t-lB 3201 
t-‘C 
[ 1 2 12 0 Z-ID 6421 
the meaning is that infl(A) consists of 3 copies of t-‘B, 2 copies of z-‘C, ~4 6 
copies of z-‘K, etc. Now (M) follows immediately from the fact that 
7 4 6 1 
#= [ 52 33 28 
30 18 21 
96 60 56 11  5 9 
and hence there are no zero entries in any higher power of JL 
5. Some additional remarks on the role of the equivalence relation - 
If A and A’ are two triangles, the statement A = A’ is ambiguous, since it is not 
clear which vertex of A’ corresponds to which one of A. Every triangle is trivially 
congruent to itself, but Aabc E Abca must be interpreted as meaning that the 
triangle is equilateral. We have the same kind of difliculty with our -. Strictly 
speaking we have to deal with a certain set G of mappings cu, where every QC maps 
a certain facet of a certain prototile onto another cne. So every member of G is 
the restriction of a Euclidean isometry to a certain facet. It defines a unique 
equivalence between two facets or a symmetry of one facet. Of course, G has to 
satisfy the analogs to the usual equivalence axioms, namely: 
(i) If F is a facet of a prototile then the identity on F belongs to G. 
(ii) Q! E G implies cy-’ E G. 
(iii) If Q! and /!J are in G and the image of LY equals the inverse image of Ip, then 
BocuisinG. 
6. Open problems 
(a) Which other subfamilies 9 of 9 x 8 can play a role sin&r to sl? More 
precisely: 
- For which 9 are there global (9, =)-tilings? For which are there global 
(9, -)-tilings with some finer -? 
- JVhich systems (9, -) are aperiodic? 
- Which systems (9, -) satisfy (I)? Which satisfy (I) and (D)? For example, 
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since rK = K U B, and in every global (&, -)-tiling every copy of B is part of 
r~ in this way, it followsthat $2: = {A, C, K, zK} is essentially equivalent to Fl 
and trivially satisfies (I), (D), (M), (E). 
(b) Are the global tilings belonging to diflerent aperiodic systems (3, -) in 
some sense isomorphic? Or at least those satisfying (I), (D)? 91 and $2 may serve 
as a trivial example. 
(c) Are there matching conditions different from (A), which could serve as 
well? For instance: 
(a) Let the facets be oriented and require different orientations for 
matching facets. (Suggested by R. Penrose, during a visit to 
Dortmund in May 1988.) This would rule out local reflections. 
(B) Let besides 9 be given a family 8 of proto-vertex-figures (or proto- 
EVF’s) and eliminate the role of -. Possibly it makes sense to 
require a priori that the vertices fall into finitely many classes, 
say VI, . . . , VP. Then % could be replaced by %!$, . . . , SE”. 
(d) (a) Can all the nonperiodic tilings which are defined by the projection 
method [3, 4, 6, 91 also be explained by appropriate matching 
conditions? Katz [4] shows this to be true in the case of the “Penrose 
tilings” of the golden (or Amrnann-) rhombohedra. 
(@) Are there tilings of this kind, to which no inflation applies? 
(Compare [ll] for the plane case n = 7 instead of n = 5.) Katz is 
explicitly silent on this question. 
(e) Is there a system (9, -) as in (a), or a system (9, 8) as in (c)(/3), which 
gives a geometric explanation of the quasicrystak found by physicists? 
(;;, Consider those vertices of a global (sl, -&tiling which belong to the same 
class in the sense of part (c) of the Main Theorem. What pattern do they form? 
Are they the vertices of another quasiperiodic tiling? 
(g) Are there 3-dimensional analogs to the Ammann bars of the plane Penrose 
tilings (compare [2], p. 547 ff.)? 
(h) Is there to very aperiodic system (a, -) a patch 9 such that the union U of 
its tiles does permit a lattice tiling? (Suggested by G. Ewald in a discussion in 
April 1988.) The resulting s-tiling is supposed to be face-to-face, but of course 
cannot satisfy (A). 
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Note added in proof 
It seems preferable to replace (A) by the following condition: 
(A*) 9 is face-to-face; in 9 there occurs no EVF, that does not also occur in 
the interior of some patch of type infl’(q”S,). 
(A*) Implies (A) but not vice versa. Under (A*) (E) becomes trivial. 
